Abstract-Synchronous code-division multiple-access systems where each receiver is a minimum mean-squared-error receiver and each user has the same received power, signaling rate, and required signal-to-interference ratio are considered. Based on the results in [8], the optimal signature waveforms under both fractional out-of-band energy and root-mean-square bandwidth constraints that maximize the network capacity are determined. Comparison to various suboptimal signature waveforms, including the ones constructed from rectangular pulses, is also made to quantify the gain achieved by the optimal signature waveforms.
the optimal orthonormal basis functions for the construction of signature waveforms can be readily identified.
The letter is organized as follows. Section II presents the system model. The optimal basis functions are obtained in Section III for both the FOBE and rms bandwidth constraints. Section IV compares the signature waveforms constructed from optimal basis functions and suboptimal ones in terms of the network capacity. Finally, conclusions are made in Section V.
II. SYSTEM MODEL
In a binary synchronous CDMA system, each user transmits an information symbol in a time interval and over a bandwidth by modulating its own distinct signature waveform. Let be the number of users and , , be the signature waveform of the th user whose energy is normalized to unity. The received signal in one symbol interval can be expressed as (1) where , is the received power of the th user's signal, and is additive white Gaussian noise with spectral strength of . When the space of signature waveforms is spanned by some set of orthonormal basis functions ( is known as the processing gain), each signature waveform can be written as (2) and the signature waveform is determined by the signature vector (or signature sequence) . It was shown in [8] that when the system is equipped with minimum mean-squared-error (MMSE) receivers and when the users' received powers are all equal to , then to maintain the signal-to-interference ratio (SIR) at the output of each MMSE receiver larger than or equal to some threshold , the maximum number of simultaneous users that can be supported in the system is (3) where is the largest integer less than or equal to . Furthermore, the signature sequences that achieve the above capacity are the WBE sequences. The necessary and sufficient conditions of having WBE sequences for a given and were first established in [13] as , where is an identity matrix and is the signature matrix. Equation (3) shows that the maximum number of users is directly proportional to the dimension of the signature space.
0090-6778/01$10.00 © 2001 IEEE Therefore, to maximize the network capacity one needs to identify the largest set of orthonormal basis functions for a given bandwidth constraint of the transmission model in (1) . When the user's data symbols are equally likely, independent from each other and from the other user's data symbols, the bandwidth of the received signal in (1) 
III. OPTIMAL ORTHONORMAL BASIS FUNCTIONS

A. FOBE Bandwidth Constraint
Define an matrix , whose element is (6) where is the Fourier transform of and denotes the complex conjugate. In terms of the vector , can be written as
Note that the above definition implies , the FOBE of the th basis function.
From (2) and (6) one has , hence the average FOBE of the signature set defined in (5) becomes (8) Now, using the property that for WBE signature sequences, the FOBE bandwidth constraint of the signature set can be expressed in terms of the bandwidth constraint of the basis functions as (9) Thus, when the signature sequences are the WBE sequences, finding the optimal basis functions is equivalent to finding the largest set of orthonormal functions whose average FOBE satisfies (9) . Such sets of orthonormal basis functions are given in terms of the prolate spheroidal wave functions (PSWFs) [2] , [3] as follows.
For a given bandwidth and a time duration , let and , where , be the prolate spheroidal wave functions and their associated eigenvalues. Furthermore, let otherwise (10) be the normalized, time-truncated and shifted version of . Then form a complete orthonormal basis for the space of time-limited (to ), real square-integrable functions. The out-of-band energy of is . Also, is the one most concentrated in and among all the time-truncated signals orthogonal to , is the one most concentrated in , and so on. As an example, the set of corresponding to and is plotted in Fig. 1 . From the above properties of , the maximum number of orthonormal functions , whose average FOBE bandwidth is constrained according to (9) is determined by the following inequalities:
For a given bandwidth, the largest set of orthonormal functions is that of the first normalized, time-truncated and shifted PSWFs .
B. RMS Bandwidth Constraint
Analogously, to derive the optimal basis functions under the rms bandwidth constraint, define an matrix as (12) Again, using the fact , one can show that the constraint on the average rms bandwidth of the signature set can be written in terms of the bandwidth constraint of the basis functions as (13) Since , , the maximum number of orthonormal functions is the largest integer satisfying [6] (14)
One of the optimal sets of orthonormal functions is the set of sinusoids . Having constructed the signature waveforms from the WBE signature sequences and the optimal basis functions, it is interesting to investigate the effect of choosing suboptimal basis functions on the network capacity of the CDMA systems. This is studied in the next section.
IV. COMPARISON WITH SUBOPTIMAL SIGNATURE WAVEFORMS
The suboptimal basis functions considered have the following form: (15) where is some chip waveform limited to the chip interval and . The dimension of the signature space spanned by the delayed chip waveforms is simply (16) Thus, to increase the dimension of the signature space, one needs to minimize . However, the minimum value is limited by the bandwidth constraint of the signature set. Since the bandwidth of every basis function is the same as that of the chip waveform , the bandwidth constraints in (9) and (13) become and , respectively.
A. FOBE Bandwidth Constraint
For a given , among all the chip waveforms limited to , the optimal chip waveform, which gives the smallest , is obviously the first normalized, time-truncated, and shifted PSWF whose eigenvalue satisfies This waveform can be shown to have the minimum rms bandwidth among all the waveforms limited to . Furthermore, over a wide range of bandwidth, the energy concentration of this waveform is very close to that of the optimal chip waveform [6] . The minimum for this chip waveform satisfies (21) Similarly, denote the dimension of the signature space based on this half-sine chip waveform by . Note that one always has and , but the relation between and depends on the value of . Commonly used values for are 10% and 1%, corresponding to the 90% and 99% bandwidth occupancies, respectively [15] . Table I gives the values of found from (17), (19), and (21) for these two values of .
Figs. 2 and 3 plot the values of and s versus for % and %, respectively. The advantage of using optimal signature waveforms over the suboptimal ones are clearly observed from such figures. Furthermore, the gain in network capacity increases significantly as decreases from 10% to 1%. Also it can be seen from these two figures that and the difference becomes larger for smaller value of . This relation between and is due to the following reasons. 1) The power spectral density (PSD) of the half-sine chip decays 
as
, while the PSD of the rectangular chip decays as . 2) For both % and %, the mainlobe of the PSD of either half-sine chip or rectangular chip is well contained in the FOBE bandwidth.
To obtain from (11) for different , the eigenvalues are calculated based on the data in [14] . For many practical CDMA systems, the value of is typically large (in the hundreds). Unfortunately, data is not available on the behavior of for large and large . However, for large , one could use the following close approximation [9] (22) Thus, the condition to find in (11) becomes (23) Note that in the above equation, plays the role of as in (16). Thus, dividing by gives the following asymptotic gain (for large ) in network capacity when the optimal basis functions are used instead of suboptimal ones:
The asymptotic gain is plotted in Fig. 4 as a function of . It can be seen that when is small, the time-truncated PSWF and the half-sine wave have very favorable , while the rectangular chip requires much larger and therefore is not efficient for constructing the signature space. On the other hand, when is large ( %), all the chip waveforms have almost the same . Furthermore, it is interesting to note that for large , the rectangular chip has a smaller than the half-sine chip even though the half-sine wave is a smoother function. This fact can be explained as follows. Although the PSD of the half-sine chip decays faster than that of the rectangular chip, its mainlobe is wider and lower in amplitude, therefore it may require a wider bandwidth to contain a small amount of the required in-band energy (i.e., when is large).
In summary, Fig. 4 shows that there is always a gain of approximately 1.4 in network capacity when using optimal basis functions against suboptimal ones for large values of . For small values of , the gain becomes very significant. For example, when %, a gain of 2.2 can be achieved versus the PSWF chip and half-sine chip and a gain of 20.0 can be achieved over the rectangular chip.
B. RMS Bandwidth Constraint
Since both the rectangular chip and the first PSWF are discontinuous functions, the rms bandwidths of these waveforms are infinite. Thus, the only chip waveform considered under the rms bandwidth criterion is the half-sine wave. Because the minimum value of for this chip waveform is 1/2, one has
From (14) and (25), one has the following relation between and (for large ):
Plotting the ratio between and based on the above equation reveals that an asymptotic gain of 1.73 is achieved by employing the optimal signature waveforms instead of suboptimal ones constructed from the half-sine chip.
V. CONCLUSIONS
We obtain the optimal basis functions for the construction of the bandwidth-constrained signature waveforms in synchronous CDMA systems, where each user is equipped with an MMSE receiver and the network capacity is the performance criterion. Both FOBE and rms bandwidth criteria are considered. The network capacity of the systems is characterized through the signaling duration , the available bandwidth (with the corresponding for FOBE bandwidth), and the SIR requirement . Comparison to systems employing the suboptimal signature waveforms, which are constructed from the suboptimal, timedisjoint basis functions, shows a significant improvement in the network capacity of the systems using the proposed signature waveforms. Due to the fact that when the signature sequences are WBE sequences, the MMSE receiver becomes the correlation receiver [8] ; this implies that all of the results in this letter are also applicable to the CDMA systems equipped with the correlation receivers.
